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1. Introduction 

^r- . 

In Riemannian geometry, estimates on the first positive eigenvalue of the Laplace 
operator have played important roles and there have been many beautiful results. 
We refer the reader to the books Chavel [U] and Schoen-Yau |SYj . The following 
theorem is a classic result. 

Theorem 1. (Lichnerowicz-Obata) Let (M n ,g) be a closed Riemannian manifold 
with Ric > (n — 1) K, where k is a positive constant. Then the first positive eigen- 
value of Laplacian satisfies 

(1.1) Al > UK. 

Moreover, equality holds iff M is isometric to a round sphere. 

The estimate Ai > nn was proved by Lichnerowicz [L] in 1958. The characteriza- 
tion of the equality case was established by Obata [O] in 1962. In fact, he deduced 
it from the following more general 

Theorem 2. (Obata Suppose (N n ,g) is a complete Riemannian manifold and 
u a smooth, nonzero function on N satisfying D 2 u = —c 2 ug, then N is isometric 
to a sphere S™ (c) of radius 1/c in the Euclidean space IR™ +1 . 

In CR geometry, we have the most basic example of a second order differential 
operator which is subelliptic, namely the sublaplacian A&. On a closed pseudo- 
hermitian manifold, the sublaplacian Ab still defines a selfadjoint operator with a 
discrete spectrum 

(1.2) A = < Ai < A 2 < ■ • • 

with limfc^oo Afe = +oo. One would naturally hope that the study of these eigenval- 
ues in CR geometry will be as fruitful as in Riemannian geometry. An analogue of 
the Lichnerowicz estimate for the sublaplacian on a strictly pseudoconvex pseudo- 
Hermitian manifold (M 2m+1 ,9) was proved by Greenleaf in [G] for m > 3 and by 
Li and Luk |LLj for m = 2. Later it was pointed out that there was an error in 
the proof of the Bochner formula in [Gj . Due to this error, the Bochner formula as 
well as the CR-Lichnerowicz theorem in [Gj ILL] are not correctly formulated. The 
corrected statement is 

Theorem 3. Let M be a compact, strictly pseudoconvex pseudo-hermitian manifold 
of dimension 2m + 1 > 5. Suppose that the Webster pseudo Ricci curvature and 
the pseudo torsion satisfy 

(1.3) Ric{X,X) ~ r H±l Tor (X,X) > k\X\ 2 
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for all X € T 1 ' (M), where K is a positive constant. Then the first positive eigen- 
value of— Ab satisfies 

(1.4) A, 



- 1 

The estimate is sharp as one can verify that equality holds on the CR sphere 

§2m+l = | z g C n+1 . | z | = 1} 

with the psudo-hermitian structure 

9 = V^Td(\z\ 2 -l). 

The natural question whether the equality case characterizes the CR sphere was not 
addressed in [G]. The torsion appearing in (1.3) is a major new obstacle comparing 
with the Riemanian case. This question has been recently studied by several authors 
and partial results have been established. Chang and Chiu [CC1J proved that the 
equality case characterizes the CR sphere if M has zero torsion. Ivanov and Vassilev 
[IV] proved the same conclusion under the weaker condition that the divergence of 
the torsion is zero. Li and Tran |LT] considered the special case that M is a real 
ellipsoid E(A) in C m+1 . They computed n explicitly and proved that the equality, 
= mn/(m + 1) implies E(A) is the sphere. But in general it is very difficult to 
handle the torsion. 

In this paper, we provide a new method which can handle the torsion and yields 
an affirmative answer to this question in the general case. 

Theorem 4. // equality holds in Theorem^ then M is equivalent to the CR sphere 
g2m+l U p £ a sca n n g 

In fact our proof yields the following more general result which can be viewed 
as the CR analogue of Theorem [2] (for notation see Section 2). 

Theorem 5. Let M be a compact pseudo-hermitian manifold of dimension 2m+l > 
5. Suppose there exists a real nonzero function u € C°° (M) satisfying 

u a ,p = 0, 

( K fi V 

U a = ; -U~\ Itf) h -5. 

a >P V 2(m+l) 2 V aP 

for some constant n > 0. Then M is CR equivalent to the CR sphere S 2 ™^ 1 up to 
a scaling. 

The 3-dimensional case is more sublte. It is not clear if these results are true 
in 3 dimensions. Partial results with additional conditions are discussed in the last 
section. 

The approach in [CCl] is to consider a family of adapted Riemannian metrics 
and try to apply the Lichnerowiz-Obata theorem. This approach requires very 
complicated calculations to relate the various CR quantities and the corresponding 
Riemannian ones. In December 2010, the authors found a new approach working 
directly with the Riemannian Hessian of the eigenfunction. With this approach we 
generalized the Chang- Chiu result to show that rigidity holds provided the double 
divergence of the torsion vanishes (see Remark[5]in Section4). In their preprint |IV] . 
Ivanov and Vassilev found the same strategy independently and proved rigidity un- 
der the condition that the divergence of the torsion is zero. But to solve the general 
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case requires a new ingredient. We employ a delicate integration by parts argument 
which requires a good understanding of the critical set of the eigenfunction. 

The paper is organized as follows. In Section 2, we review some basic facts in CR 
geometry. In Section 3 following the argument of Greenleaf, we present the proof 
of Theorem 2 with all the necessary corrections. Theorem 3 is proved in Sections 4 
and 5. Finally, in Section 6, we make some remarks about the case 2m +1 = 3. 



2. Preliminaries 

Let [M, 9, J) be a strictly pseudoconvex pseudo-Hermitian manifold of dimension 
2m+l. Thus Ge = d9 (•, J-) defines a Ricmannian metric on the contact distribution 
H(M) = ker(9. As usua l, we set T 10 {M) = {w - y/^lJw : w € H (M)} C 
T (M)(g)C and T 0,1 (M) = T 1 ' (M). Let T be the Reeb vector field and extend J to 
an endomorphism (f> on TM by defining <f> (T) = 0. We have a natural Riemannian 
metric ge on M such that TM — WT © H (M) is an orthogonal decomposition and 
ge(T,T) = 1. In the following, we will simply denote gg by (•,-). Let V be the 
Levi-Civita connection of ge while V is the Tanaka- Webster connection. For basic 
facts on CR geometry, one can consult the recent book |DT] or the original papers 
by Tanaka [T] and Webster (W]. 

Recall that the Tanaka- Webster connection is compatible with the metric ge , but 
it has a non-trivial torsion. The torsion r satisfies 

t(Z,W) = 0, 
t(Z,W) = lj(Z,W)T, 
r(T,J-) = -Jr(T,-) 

for any Z, W G T 1 ' (M). We define A : T (M) -> T (M) by AX — t (T, X). It is 
customary to simply call A the torsion of the CR manifold. It is easy to see that 
A is symmpetric. Moreover AT = 0, AH (M) C H (M) and A(f>X = -<j>AX. 

The following formula gives the difference between the two connections V and 
V. The proof is based on straightforward calculation and can be found in |DTj . 



Proposition 1. We have 



V X F = V X Y + 9(Y)AX + -{6{Y)(t)X +. 



(X)cf>Y) 



(AX,Y) + -uj(X,Y) 



T. 



Remark 1. We have 



W X T = AX 



1 



4>{X), 



In particular, VtT — Q. If X and Y are both horizontal, then 

1 



\7 X Y = \7 X Y 



(AX,Y) + -u(X,Y) 



T. 



In the following, we will always work with a local frame {T a : a = 1, • • 
for T 1 ' (M). Then {T a ,T^ = %,T = T} is a local frame for T (M) ® C 

be the components of the Levi form. 



'a/3 



,m} 
Let 

For 



a smooth function u on M, we will use notations such as u -s to denoted its 
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covariant derivatives with respect to the Tanaka- Webster connection V. Let D 2 u 
be the Hessian of u with respect to the Ricmannian metric ge- 

By straightforward calculation using Proposition [TJ one can derive 

Proposition 2. We have the following formulas 

D 2 u (T,T) = u ,o, 
D 2 u (T, T a ) = u a $ - —^u a , 
D 2 u (T a , Tp) = u a< p + A a pu Q 

D 2 u (T a ,Tjj = u a> p - ^^h a -pu 

In doing calculations we will need to use repeatedly the following formulas which 
can be found in |DT] or [Lee]. 

Proposition 3. We have the following formulas 

U0,a = Ua,0 + A^U-p, U a> p = Up, a , 
"a, 0/3 = Ua,P0 + Aju a ^- + Rp 0a Ua- 

= u a ,po + AJu a< y - A a p^h a ~u a 

U a,M = U a ,jP + ^( h ap A J- h ^A^ju a , 

Ua,py = Ua.-fi + \Z—lhpyU a ,0 ~ Rp^ a U a , 
Ua.J3~f = Ua,f0 Rp-ya u & 

= u a ,jp + V-l (A ai up - A a pu 7 ) . 
Remark 2. Our convention for the curvature tensor is 

R (X, Y, Z, W) = (-VxVyZ + Vr V X Z + V [x ,y]Z, W) . 



3. The estimate on Ai 

In this section, we prove the estimate on Ai following Greeenleaf [G]. This serves 
two purposes. First, there is a mistake in [G] as pointed out by |GL] and [CClj . 
This has caused some confusion (e.g. see the presentation in |DTj ) and we hope to 
clarify the whole situation. Secondly, we need to analyze the proof when we address 
the equality case. 

From now on, we always work with a local unitary frame {T a : a = 1, • • • , m} 
for T 1 ' (M). Given a smooth function u, its sublaplacian is given by 



We have the following Bochner formula. 
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Theorem 6. Let \dbu\ = u a Ua- Then 



1 2 
-A b \d b u\ 



\U a ,j3\ 



2 1 



[(A b u) a Ua + (A b u) w u c 



I r i 

Roarer ^"a V 1 [^acr^-cr^fT — ^aff^fr^aj 



Remark 3. This was first derived by Greenleaf [G] . But due to a mistake in calcu- 
lation pointed out by |GL] and [CClj , the coefficient ^ on the RHS was mistaken 



to be 2^2. 



The following formulas are also derived in [G] . 
Lemma 1. W^e /jave i/ie following two integral inequalities 



-1 it 







/ to 7 


M «3 



'-1 U 



(TO -2) J V^l (llpUpfi ~ UpUp fi ^ = -(^b u ) 2 + \/-l TO (^QCtUqW?? - AaffUcrUa) 

We can now state the main estimate on Ai. For completion and future application 
in the next section, we also provide the detail of the proof here. 



Theorem 7. Let M be a compact pseudo-hermitian manifold of dimension 2m+l > 
5. Suppose for any X £ T 1,0 (M) 



(3.1) 



Ric (X, X) - "^p-Tor (X, X) > k \X\ 2 . 



where n is a positive constant. Then the first eigenvalue of — A b satisfies 

TO 

Ai > —k. 

TO + 1 

Remark 4. In terms of our local unitary frame, the assumption iS. 1)) means that 
for any X = f a T a 



Proof. Suppose —A b u = Xiu. Applying the Bochner formula, we have 

2 







/ \ u a,fl\ 2 + 









Ai \d b u[ 
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We write the last term as c times the first identity plus (1 — c) times the second 
identity of Lemma, 











j K,£l 2 + 





- Ai \d b u\" 



m 



2c 
m 



+ 



1 c -,2 2 
AjM — 



4(1 _ c ) ,„ 2 



2c 



|Ua,/?l + 1 + 



2c 



2(l-c) 



Ai 



4(1 -c) 



Since E™/J=i ^ IX>a,a| 2 / m > we have 



o . 



2c 
m 
2c 
in 



-i + 

m 



2(1 -c) 



+ 



1 + 



2c\ 1 4(l-c) 



m J m 
We choose c such that 



m 



Ai |<9 b u| 

- 1 + Cj \f^l [AatyU-aUa- - A-^U a U a ] + 



i + ^U-Hi^)=o, 

m J m m 



i.e. c = 3m/(4m + 2). Then 

2(m-l) 2 2(m 2 -l) 







Therefore 



/ 



Ai |<9 b w| z 



2m + 1 1 ra(2m+l) 
2(m-l)f m + 1 — 1 

H - ■ - S KaaUuUa H - V — 1 j4qijUqI(5- - AaaU a U a \ > 

2m + 1 L 2 J 



2m + 1 



2 K 



m + 1 



Ai |cVC + |u a ,^r < 0. 



It follows that Ai > mn/ (m + 1) when m > 2. 



□ 



4. Equality case 

We now discuss the equality case. By scaling, we can assume k = (m + 1) /2 
and thus A = m/2. 
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Proposition 4. If equality holds, we must have 



(4.1) 
(4.2) 



UQ,a 



0. 



1 V 3 ! , - 

-ju H — uo ) o a p, 



(4.3) 

(4.4) w ,o 
Moreover, at any point where du =/= 

(4.5) V-LA af} 



-1 



1 4 T „ 

-~iH ImA a<T 7iu 5 

4 m 



Q 



\dbu 



where Q = \J — lA a<7 UaU-^. 

Proof. If equality holds, we must have u a ^ =0 and 



(4.6) 



«,/3 



where / is a complex-valued function. Taking conjugate of (|4.6[) yields 

fSa/3 — Ua.fi 

= (f - V-lu ) 5 a p. 

Hence Im/ = ^uq. We also have 

771 

— u = — AhU 
2 

= -m (/ + /). 



Thus Re/ = —ju. Therefore 
(4.7) 



-uo, 



This proves (|4T2]) . 

Differentiating (|4.1|) . we have 

= 7t a ,07 — Ua :7 

Therefore 

A al Ufj — AafjUy = 

From this we easily obtain (|4.5I) . 
Differentiating (|4.6|) . we have 



a, J0 
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i.e.(/-- v/=L4£ U(T ) S aP = (fp-yf^LAtfr,) 5 ai - It follows fr-y/=lA°u a = 0. 
Using (|4.7p . this yields 



(4.8) 



-lA a<y U w = -U a + V^lllafi- 



This then implies ()4.3[) by using the first identity of Proposition [3] 
To prove the last identity, taking trace of (|4.2I) we obtain 



1 



1 



4 2 

Differentiating and using Proposition |3] yields 



UO = U a a. 



Ill j -jUq 



Uo,0 I — U at aO 



-1 



Z 

2 \ 4 
m 



-it 



-wo 



( 21mA aa ai 



□ 



m + 1 



Taking the imaginary part yields (|4.4[) . 
Lemma 2. We aZso /iave 

(4.9) fl Q <fit ff + (m + 1) a/^T-Aqo-Mo 

Proof. This follows easily from the fact the inequality is achieved for X — u-^T a . 
We can also derive it in the following way. Differentiating (I4.1[) and using (I4.6[) 
yields 

= U Qj/ 3- 

Taking trace over /3 and 7, we obtain 



= 

1 



4 " 2 
(m + 1) 



1 



-lit 



Q,0 



RqlG^O 



U a + (m + 1) V-l^QO-Wo- + RaaUcr, 



where in the last step we used (|4.8|) to replace M a ,o- 
Lemma 3. Q is real and nonpositive. 



a 



AN OBATA-TYPE THEOREM IN CR GEOMETRY 



9 



Remark 5. This lemma will not be needed in the proof of the rigidity. However, 
it yields a quick proof if we assume the following extra condition 

i.e. the double divergence of the torsion is zero. Indeed, integrating by parts and 
using we obtain 



I Q = -V—l I A a p^u-gu 
Jm Jm 



.> / A a p- S p u ' 1 

A J M 
= 0. 

As Q is nonpositive, this implies that Q = 0. Therefore A — 0. See the discussion 
on the torsion-free case below. 

Proof. From (|4.9[) we have 

RaaUaU a + (m + 1) Q = — y-^ \d b u\ 2 . 

This shows that Q is real. Taking conjugate, we also have Q = —\J—\AaaU a u a . 
In the inequality, taking X = e lt UaT a yields 

RaffUaUu + (to + 1) Q cos It > — ^- — |<9fcu| 2 . 
Therefore Q < 0. □ 



Theorem @] follows from 
Lemma 4. The torsion A = 0. 

The proof of this statement will be presented in the next section. 

Assuming this lemma, Theorem [4] then follows from Chang and Chiu |CC1] , In 
the following, we present a simpler and more direct argument. Since A vanishes, 
we have 



(4.10) U ,a = "a,0 = -^«c«) 

(4.11) u a< p = 0,m o ,o = -^w 

(4.12) u a p = ^-i« + _Zl Uo ^ a p. 

By Proposition [2l we obtain 

Proposition 5. Let D 2 u be the Hessian ofu with respect to the Riemannian metric 
go . Then 

n2 1 

Theorem 2] follows from Obata's theorem (Theorem [5]) . 
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5. Proof of Lemma [4] 
Let ip = \A\. In local unitary frame 



We note that ip is continuous and ip 2 is smooth. Let K — {du = 0}. By (|4.5p , on 
M\K ijj is smooth and 

l/) = Q_ 

|9 6 u| 2 ' 

or 

U a U/3 



A afj = V-li> 2 . 

\d b u\ 

Lemma 5. TTie compact set K is of Hausdorff dimension at most n — 2 (n = 
2m + 1 = dim Af). More precisely we have a countable union K = U^-Ei, where 
each Ei has finite n — 2 dimensional Hausdorff measure: H" -2 (Ei) < oo. 

Remark 6. Here the Hausdorff dimension is defined using the distance function 
of the Riemannian metric ge ■ 

Proof. We have K = K\ U K2, where 

K 1 = {p e K : u (p) ^ or u (p) ± 0} , K 2 = {p € M : u (p) = and du (p) = 0} . 

We first prove that K\ is of Hausdorff dimension n — 2. Suppose p 6 Ki. In a local 
unitrary frame {T a } we have by Proposition [3] 

u a p = (~u + ^Y~u^j S afj . 

We write T a = X a — y/—lY a in terms of the real and imaginary parts. Then we 
have 2m real local vector fields {Z{\, where Zi = Xi for i < m and Zi = Yi- m for 
i > m. Along K\ the above equation takes the following form 

Xf)X a u + Y(sY a u = —~u5 a p, 

YpX a u- XpY a u = -u 8 al3 . 

Since either u (p) 7^ or uq (p) 7^ 0, from the above equation it is straightforward to 
check that there exists i < j s.t. the local map F : q — >• (Z{U (q) , Zju (q)) from M 
to K 2 is of rank 2 at p. By the implicit function theorem, F" 1 (0) is a codimension 2 
submanifold at p. As K\ C F^ 1 (0), we conclude that K\ is of Hausdorff dimension 
at most n — 2. 

To handle i4T 2 , we note that u satisfies the following 2nd order elliptic equation 
by Proposition 2] 

' m 1\ 4 



Au = - — + - )u-\ lmA a<T aU W . 

\2 4/ m 

As if 2 is the singular nodal set of u, we have (see, e.g. [HHLj ) 

H n - 2 (K 2 ) < 00. 

□ 

Lemma 6. We have on M\K 

Re IpaUa = 0. 
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Proof. Let v = Tu = uq. By the second formula of Lemma [T] 



M 



- (& b v) - - 
m m m 



(5.1) 



- V-l yA a pVa;V-p - A-pVaVp ) . 

We will use Proposition |4] to simplify both sides. On M\K 



Uq., 



12^ 



1 \ / 1 



-u 



u 8 a f 



Diffrcntiating the first equation yields v a _p — 2y/—li/jpu a . As v a ^ — vp t0l , we have 
tpp u a — "4>aUp. As a result, on M\K there are smooth real functions a, b such that 

ip a = (a + ib) u a . 

A simple calculation shows 

2 



-1 



Upl/3,0 - UBUj Q 



2V + -J (2iP + l)\d b u\ . 
The integrand of the right hand side can be simplified as following 



m 
4 
m 



2a \dbu 



1 



2 TO 



= -- 2^+- «' + 4o|flittr 2^tr ii a'|a fc u 



1 



2 

1G 



2<ip + -j 2^\d b u\ . 
Integrating by parts (see the remark below) yields 



rn 
T 



2ijj- 



u = Re / ( 2ip + - ) ti„, 5 M 



y ^ + |9 b u| 2 - 4Re J Uij> + 



1 



+ x M / 2^ + - )au\dbu\ 



1 



Plugging these calculations in (|5.ip . we obtain 



16 



™ 7 m 



a 2 |9 6 u| = 0. 



Therefore Re^^ Q Ma = a |9&w| 2 = 0. 



□ 
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Remark 7. Since tp > on M and ip 2 e C°°(M). This implies that < ip(z) < 
B\z - z \ for all z € K and some B > 1 . Thus ip € C°°(M \K)C\ Lip(M). Since 
the Hausdroff dimension of K is 2m — 1, one has that ip € W '°°(M). Therefore, 
for any smooth function f S C°° (R) one has 

f(i>)u a ,aU = / f(lp) \d b u\ 2 + / /' '(lp)lpaU a U. 



We now prove Lemma |4j Suppose ip 2 is not identically zero. Let e 2 be a regular 
value of ip 2 such that {ip > e} is a nonempty domain with smooth boundary. Define 

/ -0 (tp- ef , if ^ > e; 



if t/i < £ 

Then F G VK 1 ' 2 (M). Integrating by parts, we obtain 

TO 

_4(2/c + 1 

977. 

(5.2) 



-Re / F |-u| 2fc+1 u a .j5; 
I M 



Re f Fu 2k \d b u\ 2 
Jm 

+ — [ (3ip 2 - 4eip + e 2 ) |u| 2fc+1 Reu a ^ 
m Jm 



by Lemma [6] Integrating by parts again, we have 

/ Fu 2k \d b u\ 2 
Jm 



u 2k {4>-eY + i>\d b u\< 



M 



Rev 7 ^! / u 2k (ip - ef, A a pUaU-g 

JM 

7 I ^-e) 2 + A a0 (u 2k +%' 

1 ./ M 



Re 
Re 
Re 



2k + l JM 



2k 


+ 1 




=4 


2k 


+ 1 




=4 


2k 


+ 1 



M 



(ip - e) + A af3 ^u Zk+L u-^ + 2 (ip-e) u^ +L i/^A a puj 



{V>>£> 



(iP - E)\ A a ^u 2k+1 u- 



M 



2k + 1 



+ 1 i{0>e} 



(0 - e) 2 + A a p^u 2k+1 uj, 



by Lemma [S] again. Let C be super norm of divA = A a p^. Then by the Holder 
inequality 

/ Fu 2k \d b u\ 2 < -j^—J F\u\ 2k ^\d b u\ 
Jm £ (2k + 1) Jm 



< 



e(2k-t 
C 



e (2k + 1) \J M 



F\u 



2(fc+l) 



1/2 



FM 2fe |d bU | 2 



1/2 
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Hence 



Fu 2k \d b u\ 



M 



< 



< 



c 



-i 2 



A/ 



e(2fc + l) 
4C 2 

e 2 m (2k + 1) J M 



Flu 



2(k+l) 



Fu 2k \d b uY , 



where in the last step we used (|5.2|) . Choosing k such that e 2 m 4 ^ fc+1 ) _ | yields 



Fu 2k \d b u\ 



0. 



This is a contradiction. Therefore Lemma |4] is proved. 

Inspecting the proof of the rigidity, it is clear that we only need to have a non- 
constant function u satisfying (|4.1[) and (|4.2[) as all the other identities used in 
the proof are derived from these two. In summary, we have proved the following 
theorem. 

Theorem 8. Let M be a compact pseudo-hermitian manifold of dimension 2m+l > 
5. Suppose there exists a non- constant function u € C°° (M) satisfying 

u a ,p = 0, 



1 



H 7T~ u 



T/ien M is Ci? equivalent to the CR sphere (§ 2m+1 , 2^/^ld(\z\ 2 - 1)). 
This is equivalent to Theorem [5] by scaling. 

6. Remarks for the case 2m + 1 = 3 

Generally speaking, 3-dimensional CR manifolds are more subtle to understand 
than higher dimensional ones. A famous example is the CR embedding problem. 
In our situation, it is not clear if Theorem [8] is true in 3 dimensions. The reason is 
that (|4.3j) does not follow from (|4.1[) and (|4.2[) in 3 dimensions (In deriving (|4.8|) we 
need at least 2 indices). The arguments in Section 5 do yield the following weaker 
rigidity theorem in dimension 3 with (|4. 3[) as an extra condition. 



Theorem 9. Let M be a 3- dimensional compact pseudo-hermitian manifold. Sup- 
pose there exists a non-constant function u € C°° (M) satisfying 



ot,p 



Uo,a 



0. 



1 



-1 



2A n 



-u Q ) 8 a p, 
1 



Then M is CR equivalent to the CR sphere (S 3 , 2y/~ld{\z\ 2 - 1)). 

In fact, the eigenvalue estimate ( Theorems 2) is not known in the 3-dimensional 
case without any extra condition. Chang and Chiu in |CC2] proved the estimate 
under the extra condition that the Panietz operator is nonnegative. They also 
proved that M is CR equivalent to the sphere if equality holds and the torsion is 
zero. 
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Recall that the Panietz operator Po acting on functions on a pseudo-hermitian 
manifold M of dimension 2m + 1 is defined by 



P u = 4 Re (up i/}a + my^TA a pUjj 



It is proved by Graham and Lee |GLj that Po is always nonnegative if M is compact 
and of dimension > 5 in the sense 



uPqu > 



M 



for any smooth function u. In 3 dimensions, Po is known to be nonnegative if the 
torsion is zero. 

With our method, we can remove the torsion-free condition in the characteriza- 
tion of the equality case in Chang and Chiu's work. 

Theorem 10. If Pq > and Ry[ — Tor(uj, uj) > |ui| 2 , then A > | and the equality 
holds if and only if (M 3 , 9) is CR equivalent to S 3 . 

Remark 8. First part of the theorem was proved by Chiu and the second part of the 
theorem was proved by Chang and Chiu under an extra condition M being torsion 
free. Both results can be found in |CC2j . 

We sketch the proof here. By Lemma 2.2 in [CClj . one has 

f u 2 = [ (A b uf - 2V=T(i4 u t4- Arful)] - \ [ uP u. 

JM J M Z J M 

Using Proposition 3, one can show 



Re 



■1 / (uju ll0 - uiu Jo ) 

JM 



M JM 



Let 



AftU = —Xiu. 



Then 



f (A b u) 2 = 2Ai f \du\ 2 . 

JM JM 
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By the Bochner formula (Theorem 4), Lemma 1 when m = 1 and the above two 
identities, we have 

= / |ui,i| 2 + |u lT | 2 -Ai|au| 2 + i? lT uiti T +iv^T[^ii4-A TTU 2] 

JM z 

+ Rc\/^T / {ujuifi - uiuj a ) 

JM 

= J m M 2 + + f - \i\du\ 2 + i? lT K| 2 + \^l[A^ - Aj.nl] 

JM JM 

= I M 2 -^-\du\ 2 + R lJ \u l \ 2 -\^[A 11 u T -A Tl u\]-- f{u f 

JM LA 4 J M 

= f M \ui.i\ 2 y \du\ 2 + R lT \ Ul \ 2 - I^T[Au4- A ~A] 
[2Ai|5w| 2 -2v/^T[Aui4- Aj.nl] - luPou} 

4 JM Z 

= I \u hl \ 2 + luP Q u+ [ [^X^du] 2 + R lT \ Ul \ 2 + V^T[Anu T - Ajjul] 

JM z JM 

2 i l»„.|2i 



> f [-2Ai|<9u|^ + |<9u 
Jm 



This implies that 

The equality implies that 

(6.1) ui,i = 0, u lT = ---\ — M 

and 

|2 , / — Tr a 2 A „.2\ _ |„. |2 



(6.2) R lT \ Ul \ z + V-l(A llU f- Ajiui) = \ Ul \ z , on M. 

Write An = e^^l^iil, ul = e^^u^ 2 and X = e^ e \X\, by (1.3), we have 

(6.3) R lT \X\ 2 + V^\A TI \\X\ 2 (e^^ +e2 +^ -e-^ 1 ^ 9 ^)] > \X\ 2 , on M. 
for all 6> e [0, 27r). Choosing = -6i + §, one has 

(6.4) i? lT |X| 2 -2|An||X| 2 | > |X| 2 , on M. 
Therefore, by comparing (6.2) and (6.4) with X = uj, 

2 * -^ = _9I4„II«,I 2 4„ = ,/ZTl4„l-!ii 



-l(Ant4 - A^u 2 ) = -2|A n |K| 2 , An = V^TlAnl^i 

w i 



Notice that 

i?i T K + iAT| 2 - 2|An||ui + £AT| 2 - |ui + tAT| 2 > 0, on M, 
and equality holds t = 0. Therefore we obtain by differentiating at t = 

i?iyWl + 2>/— 1-Antiy = U\. 
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By the 6th formula in Proposition 3, we have 



Therefore, 



— u-in "1,11 

= -V—lui,o - Rijui 

= — v— Tuo.i + v— lAnUf — Rifiii 

= — V— 1uq,i + 3y/—lAuuj — u± 



-ui + \J^-Luo,i = 2y/^iAuUf, "o,i = — rr~" Ul + 2 ^n u T- 



Applying Theorem 8, the proof of Theorem 9 is complete. 
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